The frequency function of transit times through the pulmonary vascular system in dogs was obtained by deconvolution of a pair of simultaneous tracer dilution curves. One tracer dilution curve represented transit times from pulmonary artery to aorta; the other represented transit times from left atrium to aorta. Theory of and requirements for deconvolution are presented. Two preparations were used: closed chest with recirculation, open chest with only myocardial recirculation. The frequency function of pulmonary vascular transit From the
times was skewed markedly to the right. At constant cardiac output and left atrial pressure it was unaffected by change in heart rate or by respirator)' movements. Frequency functions of transit time obtained by deconvolution of observed tracer concentration curves, including recirculation, were compared with those obtained by monoexponential extrapolation of the same tracer concentration curves to "eliminate" recirculation. If recirculation seemed to appear before the observed concentration curve (aortic sampling following pulmonary arterial injection) fell to 20% of peak, monoexponential extrapolation led to a 10% overestimate of mean transit time and to greater errors in estimate of higher moments. If recirculation did not seem to occur until the concentration fell to 10% or less of peak, there was no difference between the frequency functions of transit times calculated by the two methods. Increased coefficients of variance and skewness were associated with large mean transit times produced by hypovolemia and reduced cardiac output secondary to withdrawal of blood.
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Om TC-albumin • Determination of the frequency function of transit times through the pulmonary vascular bed by tracer dilution methods is complicated by (a) recirculation, (b) mul-tiple outlets of pulmonary veins into the left atrium and (c) lack of homogeneous mixing inside the left atrium. The last two facts imply that tracer concentration in a sample of left atrial blood is not representative of the appropriate weighted average concentration in pulmonary venous outflow, and use of left atrial samples leads to erroneous estimate of pulmonary transit times.
In efforts to overcome this difficulty, several groups of workers (1) (2) (3) (4) have injected a tracer into the left atrium as well as into the pulmonary artery and sampled downstream from the left ventricle. They have handled the problem of recirculation by linear extrapolation of a semilogarithmic plot of tracer concentration versus time, beginning the extrapolation at the point at which the observed curve seemed to deviate from linearity. This permitted them to recover what was accepted as a reasonable approximation of what the curve would have been had there been no recirculation. From the corrected curves mean transit times were calculated, and pulmonary mean transit time was taken as the difference between them. Apart from questions of the validity of estimate of mean transit time from this extrapolation, this process yields only the mean transit time and not the complete frequency function of transit times through the pulmonary vascular system. The purpose of this paper is to present results of application of an alternative method that includes recirculation in the calculations and yields the complete frequency function of transit times through the pulmonary vascular system. In brief, the method depends on simultaneous introduction of two separable tracers, one into the pulmonary artery, the other into the left atrium, with sampling at the aortic root. The two concentration-time curves are deconvoluted upon one another to yield the desired function of pulmonary transit times. The principle was suggested first by Stephenson (5) and has been described by Zierler (6) . A related approach was used by Parrish et al. (7) for the pulmonary vascular bed, and related approaches have been used for other vascular beds by Bassingthwaighte (8) and Coulam et al. (9) .
Theory
For this application, the cardiovascular system can be modeled as a series of three linear distributing systems (Fig. 1) . System 1 is between the injecting catheter in the pulmonary artery and the injecting catheter in the middle of the left atrium; i.e., it is essentially the pulmonary vascular system. System 2 is between the injecting catheter in the left atrium and the sampling catheter at the aortic root. System 3 is between the sampling catheter at the aortic root and the injecting catheter in the pulmonary artery; i.e., it is the systemic circulation plus the right side of the heart.
Let the frequency function of transit times through system 1 be hi(t). This is the function we wish to obtain. Let the frequency functions of transit times through systems 2 and 3be /^(t) and h^(t), respectively.
Let the function describing the time course of injection into system 1 be identical with that describing the time course of injection into system 2, and both hei(t).
Let the concentration function at the aortic root obtained by measurement of tracer injected into system 1 be Ci(t), and that obtained by measurement of tracer injected into system 2 be Co(t).
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The model: three linear systems in series, each represented by its transfer function, H{s), the Laplace transform of the frequency function of transit times through it, h/t). Two tracers are injected. The Laplace transforms of the injection functions are I t (s) and I t (s) and are identical. Both tracers are sampled at the aortic root to obtain the observed concentration func-
tions, c^t) and c t (t), from which follow their Laplace transforms C t (s) and C t (s). See text for development of equations.
If there were no recirculation, Ci(t) =i(t) *hi *fu/Q and
where the asterisk indicates the convolution integral, and Q is blood flow (or cardiac output in this case).
In the real case there may be recirculation. If the tracer does not disappear from the blood stream during the period of observation, iterative recirculations yield /ii(f) can be obtained by deconvolution of c-2 (t) upon Ci(t).
The method used by Parrish et al. (7) was slightly different in that an indicator was injected into a jugular vein and sampled from both the pulmonary artery and a pulmonary vein. Bassingthwaighte (8) 
provided the measurements are continued for a sufficient time. Equation 4 states that, for this experimental design, no matter how complicated the recirculated functions may be, the desired frequency function of transit times through the pulmonary vascular bed is convoluted upon one of the observed concentration-time curves to yield the other concentration-time curve. Therefore, since c x and c z are observed, Q tion that tracer does not disappear from the blood stream during the period of observation. However, since no assumption was made about h 2 (t) or h R (t) except that they are frequency functions of transit times, the tracers can be distributed in some volume greater than that of the vascular system in systems 2 and 3, and the same equation applies.
Furthermore, it is not even necessary to assume that all tracer is recovered. For incomplete recovery of tracer, the conditions are demonstrated by the following considerations.
A tracer is introduced into system 1 (Fig. 1 ) as a function of time, i(t). It is recovered completely from system 1 and from system 2, through which the density functions of transit times are fti(t) and h 2 (t), respectively, but it is not necessarily recovered completely after its passage through system 3. Its concentration in blood leaving system 2 is measured, Ci(t).
Its concentration in venous blood leaving system 3 is c vi (t).
If there were only a single passage through systems 1 and 2, that is, if all tracer were removed in passing through system 3, we should find Qc^t) -i(t) * hi(t) * ht(t).
However, in the presence of recirculation, no matter what law governs removal of tracer during its passage through system 3,
(6) Now, at the completion of the above experiment, when all systems have returned to the state at the initial zero time, inject the same tracer as the same function of time, i(t), into system 2. Its concentration in blood leaving system 2 is measured, c-i(t). Its concentration in venous blood leaving system 3 is c v -i(t). We can write immediately the relation Qc 2 (t)=i{t)*h. 2 
(t) + Qc v .,(t) *hi(t) *L(t) and the equation for the Laplace transforms
C2(s)=H..(s)[(I(s)/Q)+C vS (s)-H 1 (s)].
(7) Division of equation 6 by equation 7 gives v (8) from which we see that
if, and only if, C vl (s) =C vi (s) • Hi(s).
Suppose our experiment had been done with two tracers injected simultaneously, one into system 1, the other into system 2. The relation C vl (s) =C v2 (s) -H^s) is more restrictive than the statement that the two tracers must be handled identically in their passage through system 3. For example, if the tracers were injected simultaneously and in the same quantity into the same place in the system and their concentrations measured simultaneously as they passed any point in the system, it is not sufficient that the concentration functions of time be identical, for this identity says nothing about linearity or superposibility.
For example, if the reaction by which the tracers were removed from circulation were zero order above a critical concentration of tracer and were first order below it, and if the observed concentrations of tracer entering system 3 ranged above and below that critical concentration, the system would not be linear, superposition would not occur, equation 4 would not apply, and we could not determine the desired J»i(t) by the proposed experiment.
On the other hand, a pattern of removal of tracer that is permitted within the formal framework justifying use of equation 4 is illustrated by the following example.
If uptake and metabolism of tracer is always proportional to either the concentration of tracer in blood entering system 3 or the rate at which tracer enters system 3, then, for tracer number one, input into system 3 is Q c,(t), uptake is aQc l (t),
where 0 < a < 1,
where h n is a density of transit times, not necessarily the same as the h% for nonmetabolizable tracer. Similar equations apply to tracer number 2. From these statements it follows that and C 2 (s)=H. r . and the ratio Validity of equation 4 depends on four things.
1. The usual assumptions for validity of indicator or tracer dilution methods must hold: stationarity, linearity, and frequency function of transit times of indicator must be that of the substance it is desired to indicate or trace.
2. The two injection functions must be identical. If they are identical, then these functions need not be known. Note that they can be of any form. If they are not identical, the desired h^t) can still be calculated, but two new functions will be introduced into equation 4-the injection function h(t) and j 2 ( 0 . aQ d they both must be kn6wn. For Circulation Rtsurcb, Vol. XXVI, M*y 1970 simplicity we have injected small volumes as rapidly as possible, approaching delta functions as closely as practicable, for both injections.
3. Distribution of injectate entering the left atrium through the infection catheter must be the same as that of the other injectate entering the left atrium as effluent from the pulmonary circulation. We referred to the fact that sampling from various parts of the left atrium did not yield the same concentration of indicator following injection into the systemic venous or pulmonary arterial circulation. This seems to irmly that injection into the left atrium might lead to a different distribution of that tracer between left atrial injection site and aortic sampling site than for the case of the other tracer, entering the left atrium after injection into the pulmonary artery. However, although the possibility is real that turbulence produced by injection may have been too local to achieve appropriate distribution of tracer in the left atrium, any contribution toward mixing made by the act of injecting into the left atrium must improve the distribution, giving this method an advantage over the single injection, double sampling method.
4. Neither tracer must disappear from the blood stream during the period of observation, or the disappearance rates must be identical, and the relation C v i(s) =C vi (s) -ffi(s) must hold.
Computation, Deconvolution
We used a method of numerical deconvolution proposed first by Paynter (10) in application to a problem of flood control. Equation Time interval 1 for c, is the sum of appearance times for hi and c 2 , and in the specific case to which we apply these equations, appearance time for hi exceeds that for c 2 ; that is, the absolute time interval after injection at which (cj)! is obtained is different from that at which (c<) x is obtained, which, in general, is different from that at which (fri)i is obtained.
The concentration of C\ during its second time interval is, from equation 4, (c,) s =(fti) 2 (c 2 ) 1 +(fc 1 ) 1 (c : .) 2 and during its nth time interval, Equation 9 is a re-expression of equation 4 in a form suitable for numerical computation. The form given on the second line of equation 9 reveals the deconvolution solution for Tii during its nth time interval, and (10) Equation 10 is the form used for computation. First (hi)i is computed, then each (hi) n is computed in turn. Although manual solutions have been done, for large values of n it is obviously more suitable to use a digital computer, which was used in our case. Equation 10 is the basis of the computer program.
Paynter (10) noted that the numerical solution of hi from equation 10 yielded an unstable function, a point confirmed by Parrish et al. (7) . However, the numerical deconvolution has been used satisfactorily to handle the problem of dispersion in a collecting catheter by Giuntini et al. (11) . For reasons given later, we preferred to use this numerical deconvolution if possible.
Initially we did observe that successive values of hi fluctuated. We attributed this to cumulative experimental error in successive values assigned Ci and c-2 . To reduce these errors, the following were done.
1. Time intervals for choosing values of Ci and c-2 were taken as one or two heart cycles. At the aortic root sampling site, tracer concentration is almost a step function. It was, therefore, pointless to use a shorter time interval. End-diastolic concentration was chosen on the assumption that it represented more closely the desired concentration, which is in fact a flow-averaged concentration over the complete cycle. When the height of the first steps, during the ascent of the curve, was small, so that relative experimental error was large, two cycles were chosen as the time interval, 2. Dispersion during sampling was minimized by withdrawing blood at a high rate through a catheter of minimum volume. This reduced dispersion of tracer injected into the left atrium, reducing dispersion of c 2 , and yielded an observed function Ci(t) for which dispersion was due mainly to passage through the pulmonary vascular bed.
3. Because (c 2 )i appears as the denominator of every value computed for h u it is important that (c 2 )i be determined as accurately as possible. Accuracy was improved by selecting the first interval for c 2 so that (c 2 )i was as large as possible on the rising portion of the curve.
By these means, fluctuations in computed h Y were reduced. They tended to persist in the tail of the curve, where values of h x oscillated about zero or about values close to zero. They were eliminated simply by drawing a smooth line, pleasing to the eye, through the oscillations down to 1/1000 of peak value. These oscillations were probably due to random error in estimate of Ci and Cj. In support of this is the fact that they could be produced by deliberately altering selected values of Ci or c 2 within limits of experimental error.
Since the solution of equation 10 must be unique (that is, deconvolution of Ci and Ci can yield only one hi), the accuracy of computation and interpolation was tested by reconvolution, according to a digital computer program based on equation 7, to see how closely the Ci computed from convolution of hi on c s matched the observed Ci(f). If matching was not acceptable, values of hi were adjusted arbitrarily, reconvolution was repeated, matching was checked, and h x was adjusted again if necessary. All values of h\(t) given in this report were obtained either from the original deconvolution or from, at most, two adjustments by trial and error. We set up no rigorous criteria for goodness of fit when our early experience suggested that no meaningful changes in I, coefficient of variation or coefficient of skewness occurred on further trials.
Deconvolution by numerical computation seemed to us preferable to the approaches of Parrish et al. (7), of Bassingthwaighte et al. (12) , and of Coulam et al. (9) , all of which depended on one sort or another of curve fitting. In the first two instances a formal expression was equated to h(t)i, and parameters of this expression were manipulated by trial and error until the curve obtained by convoluting the constructed h(t) duplicated satisfactorily the observed Ci(t). To represent h(t), Parrish et al. (7) simulated the curve on an analog computer, and Bassingthwaighte et al. (12) used a lagged normal density curve. Neither of these seemed as simple or straightforward as the numerical computation we chose. The other approach, that of Coulam et al. (9) , involved fitting the two observed curves by a formal expression (they chose Fourier series) so that h(t) could be derived analytically. This really led to an unstable h(t), demonstrated by persistent oscillations in the tail.
Still other approaches (13, 14) did not appeal to us because they required extrapolation of experimental curves. However, to investigate the reliability of the common practice of extrapolation of the descending limb of the observed tracer-dilution curve, to eliminate data points attributed to recirculation, on the assumption that the descending limb is a monoexponential, we carried out such extrapolations of the observed curves Ci(t) resulting from injection into the pulmonary artery and C 2 (f) resulting from injection into the left atrium; hi(t) was then obtained by numerical deconvolution of the corrected curves, and Ci and 0% were continued to values equal to 0.1% of individual peak concentration.
Materials and Methods
Animal Preparations.-Mongrel dogs weighing 24 to 28 kg were anesthetized with phenobarbital, 30 ing/kg, and ventilated with a Harvard respirator. Two animal preparations were used.
1. Closed-chest dogs with complete heart block produced by the method of Fisher et al. (15) 2 to 4 weeks prior to the study (4 animals). Two no. 5 NIH injection catheters, 50 cm long, were placed under fluoroscopic control, one in the pulmonary artery just beyond the valve and one in the middle of the left atrium. A Kifa green sampling catheter (volume 0.5 to 0.8 ml) was positioned at the aortic root. A pacing catheter was placed in the right ventricle and connected to a Grass stimulator. Dogs were in lateral position on the fluoroscopy table. Heart rate was maintained nearly constant at either about 60 or about 120 beats/min. Cardiac output was reduced by bleeding or increased by opening two arteriovenous fistulas between iliac arteries and veins so that up to three recirculation waves could be observed during the inscription of the curves. Flow was determined by the indicator dilution method.
2. Open-chest dogs with complete heart block and with controlled venous return and constant left atrial pressure (4 animals). The superior and inferior vena cava were ligated at their entrance to the right atrium and their blood was collected in a reservoir from which it was pumped at the desired rate into the right atrium by a Sams roller pump. A cannula was inserted into the left atria] appendix and connected via a Starling resistor to a reservoir from which blood was returned to the femoral arteries by another roller pump. When cardiac output was increased or heart rate reduced, the pressure inside the left atrium was maintained constant by lowering the level of the Starling resistor, thus increasing the amount of blood by-passing the left ventricle. Placement of the catheters was the same as in preparation 1. Dogs were in the supine position. This prepara-
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tion allowed constancy of flow and left atrial pressure when heart rate was changed or when the respirator was stopped. Flow was measured by a differential flowmeter. Recirculation on the recorded curves was due only to coronary flow.
Injection Technique.-Indocyanine green dye (Cardiogreen, Hynson, Westcott & Dunning), 0.5 to 1 mg, stabilized with human serum albumin (approximately 100 mg/mg dye), and 99m technetium-labeled human serum albumin, 1 100 /xc diluted up to 0.3 ml with saline, were preloaded in the two injection catheters. The catheters were flushed simultaneously by 1.5 ml of saline delivered by two automatic injectors (Sage Instruments, Inc.). A special circuit activated the injectors at the R wave of the electrocardiogram. Duration of injection was less than 0.2 seconds.
Sampling Technique.-The sampling catheter was connected in series to a flow-through scintillation detection probe (Picker Nuclear), a densitometer (Gilford, Inc.), and to the sampling syringe. The scintillation probe was connected to a rate meter (Picker Nuclear) operated with a time constant of 0.14 seconds to match the time constant of the densitometer photocell circuitry. Sampling was performed with a Harvard withdrawal pump at a rate of 1.5 to 2 ml/sec. This system, developed earlier for the continuous simultaneous detection of two indicators, gives a closely similar response for the two indicators (16) .
The two indicator dilution curves were recorded together with electrocardiogram and pressure tracings on a photographic recorder (Electronics for Medicine). Figure 2 illustrates results of one type of test of stationarity and linearity. Doubling the size of the injectate simply doubled the magnitude of all points on the two tracer dilution curves and had no effect on the deconvoluted curve, h(t), the frequency function of transit times through the pulmonary circulation. Other evidence for stationarity is found in the fact that cardiac output calculated separately from the two tracer dilution curves gave the same result, and that repeated injections in the same animal, as with heart rate at about 60 followed by injection at heart rate at about 120/ min, gave the same h(t) (see below). Another test of stationarity, which we did not do, is based on results of injection of two tracers into the same site, but with injection separated in time so that the second tracer begins to appear at the sampling site before the first tracer has cleared it completely. Linearity could have been tested also by injecting at constant rate and comparing the resulting concentration curve with the integral of the concentration curve following instantaneous injection. However, the deconvoluted h(t) was so consistent under a given set of conditions that it seemed unnecessary to carry out further tests of stationarity and linearity.
Results
Stationarity and Linearity-
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2. Equivalence of the Tracers.-Since both green dye and » em Tc are bound to albumin, albumin is the substance traced through the heart and lungs. Therefore, with reference to the model in Figure 1 , Hi and H 2 for tracer 1 are the same as # i and H 2 for tracer 2. However, //.-, is probably not the same for the two tracers, and to that extent it was a mistake to have selected this pair of tracers. The selection was made on the grounds of convenience and accuracy of measurement and it was made before we had full appreciation of the full implications of the experimental design, summarized by equation 8. Indocyanine green has been used to measure hepatic blood flow because it is removed from albumin during its passage through the liver. The fate of 09m Tc-albumin is less clear, but it almost certainly leaves the blood stream more slowly than indocyanine green, probably with a half-life akin to that of albumin.
Since the tracer pair was theoretically a mismatch, it was necessary to see whether the differences in behavior during passage through the liver were large enough in practice to invalidate the use of this pair for purposes of determining h(t). To this end, on two occasions the injections were reversed: 
Comparison of cardiac output calculated from concentration curve of green due and of sam Tc-albumin. Sixteen observations on four closed-chest dogs.
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green dye was injected into the pulmonary artery and 99m Tc into the left atrium. Results are given in Table 2 , dog 4, experiments B, B # , C, C; h(t) obtained when injection was reversed was indistinguishable from that obtained by the usual pattern of injection. The first three moments were in good agreement. This observation supports the assumption, that within the limits of resolution of the first three moments of h(t), the two tracers used are appropriate for the purpose of obtaining h(t) through the pulmonary vascular system.
There was no systematic difference between paired estimates of cardiac output from the simultaneous dye and 99m Tc curves. In 16 paired observations on the closed-chest dogs, maximum difference was 15$ on one occasion, and within 103! in the remaining 15 experiments ( Fig. 3 ). Figure  4 . In this case, the final h(t) differs from the h(t) obtained initially by deconvolution to the extent that i, coefficient of variation, and coefficient of skewness are decreased by 2%, 10$, and 17$, respectively. On the lower right is a repeat of the plot of h(t) along with both the observed Ci(t) and the derived Ci(f) obtained by convolution of h(t) and c 2 (t) to show the excellence of agreement between the two sets of values for Ci(t), including recirculation.
Frequency Function of Transit Times
In open-chest dogs, flow through the pulmonary vascular system was varied by changing speed of the pump to produce variations in mean transit time. At a given blood flow and left atrial pressure, tracer dilution curves were obtained at heart rates of 
Tracer concentration and frequency function of transit times in a closed-chest dog. Strip at top of figure is photographic record of an experiment. Aorta is aortic pressure tracing. Green dye and DBm Tc-albumin injected at time indicated by arrow on top record into left atrium and pulmonary artery. The sets of drawings in the lower left portion of the figure was constructed as follows: For c 1 (t), the concentration of green dye in aortic blood following left atrial injection, and for c t (t), concentration of OOm Tc in aortic blood following pulmonary arterial injection; successive end-diastolic deflections from the upper photographic strip are plotted. (Note that time scale of drawings is not the same as that of the photograph.) Heavy arrows indicate time at which recirculation was estimated to have appeared. The frequency function of transit times was obtained by deconvolution of c t (t) and c,(t). Solid circles are initial trial points. Broken line is final estimate of h(t). On the lower right, h(t) is replotted as a broken line and c t (t) is replotted as a continuous line. Reconvolution of h(t) and c t (t) gave the curve shown by the x's. Open circles on the tail of h(t), lower right-hand drawing, were obtained by deconvolution of c t (t) and c/t) when both curves had been corrected for recirculation by monoexponential extrapolation. In this case, the circles closely fit the tail of the h(t) obtained without correction for recirculation.
both about 60 and about 120 beats/min. The sequence of change in heart rate was random. Data are given in Table 1 and illustrated in Figure 5 . Despite variations in mean transit time produced by altering blood flow, the general shape of the frequency function of transit times remained unchanged, although its scale was of course altered; that is, coefficients of variation and of skewness were relatively less altered than was the mean transit time. This observation is best illustrated in Table 1 by the three sets of observations on dog 5 at approximately two and three times the least mean transit time.
Change in heart rate had almost no effect on the frequency function of transit times ( Table 1 , Fig. 5 ). In two dogs tracer dilution curves were obtained while the dogs were ventilated at a rate of 25 cycles/min and again with the respirator stopped for approximately 30 seconds during inscription of tracer dilution curves. No effects of respiratory movements were apparent on the shape of the frequency function of transit times (Fig. 5) .
In closed-chest dogs, cardiac output was reduced by removal of blood and increased by opening a femoral arteriovenous fistula. Heart rate was controlled at about either 60 or 120 beats/min. Data appear in Table 2 . There was a good deal more variation in the shape of h(t) under these circumstances than there 
Lack of effect of heart rate (top) and of presence or absence of respiratory movements (bottom) on h(t); open-chest dogs at constant cardiac output and left atrial pressure.
was in open-chest dogs in which left atrial pressure and cardiac output were controlled, and in the closed-chest dogs a change in heart rate could be associated witfi a change in cardiac output.
In general, in closed-chest dogs, large i produced by hypovolemia was associated with higher coefficient of variation ( > 0.46 in ah 1 cases) and greater skewness to the right (coefficient of skewness < -2 in 4 of 5 studies) than were associated with small i produced by high cardiac output due to Open-chest dogs. Constant cardiac output and left atrial pressure. t a = appearance time; t = mean time; <r = standard deviation; M3 = third moment about the mean; a/I = coefficient of variance, and Pg/o 3 = coefficient of skewness. femoral arteriovenous fistula (coefficient of variation < 0.42 in all cases and coefficient of skewness > -2 in 5 of 6 studies).
Of particular interest is the fact that the high cardiac output obtained in dogs in which the femoral arteriovenous fistula functioned led to appearance of at least three recognizable recirculation portions of the tracer dilution curves. Yet the h(t) obtained by deconvolution reliably reproduced the pulmonary-to-aorta tracer dilution curve, including all recirculating components, when convoluted upon the left atrium-to-aorta tracer dilution curve (Fig. 6 ).
Comparison of Monoexponential Extrapolation with Present Method for Determining h(t).-
In 16 experiments in the four closedchest dogs, the two tracer dilution curves were treated as though the descent of the primary circulation was monoexponential and h(t) was obtained by deconvolution of the two corrected concentration-time curves. Results appear in Table 3 . In general, monoexponential extrapolation yielded an h(t) with a longer tail and therefore with a longer mean transit time. The discrepancy was greater when recirculation seemed to begin at higher concentrations. For example, when recirculation appeared in the range of 21 to 30% of peak concentration the discrepancy was about 10% (range, 6 to 14%), whereas when recirculation did not appear until 10% or less of peak concentration was reached, the discrepancy was only about 2% (range, -2 to 5%). Because monoexponential extrapolation leads to an overestimate of pulmonary mean transit time, in such cases the volume of the pulmonary vascular system is also overestimated.
Monoexponential extrapolation led also to other gross differences in characteristics of the deconvoluted h(t). Higher moments about the mean and nondimensional coefficients of variance and skewness tended to increase. For example, among the four experiments in which recirculation appeared at the highest concentration on the descending limb, the variance of h(t) was 3.1 sec 2 (range 1.4 to 6.2) when calculated from the curves including recirculation, and 5.3 sec 2 (range 2.9 to 8.5) when calculated from curves corrected by monoexponential extrapolation, each of the latter variances being higher than the variance calculated from the corresponding curves by the former method by an average of 90%.
Although the descending limb of the tracer dilution curve did ultimately fall rather closely to an exponential form, as shown by the close agreement between the h(t)'s calculated by the two methods when recirculation was a late event, the errors introduced by extrapolation when recirculation appeared at higher concentrations could be intolerable for certain purposes. The fact that under conditions in which recirculation did not obscure the primary curve there was an ultimate exponential fall suggests that the errors may have been introduced, not in the assumption that the descent was ultimately exponential, but in the estimate of what that exponential slope was. An explanation of why the exponential slope was rather uniformly underestimated when recirculation occurred early in descent may be found in Figure 7 .
In Figure 7 , an analog computer has generated the function t/ = fc t e-* J< * fc^e* 2 ' as the curve simulating the primary circulation. This function has been allowed to convolute upon itself iteratively to simulate the primary curve plus recirculation. When a semilogarithmic plot of the curve is extrapolated in the usual way in an attempt to recover the primary curve, it underestimates the slope of the descent of the true primary curve, overestimating area, mean time, variance, etc. The reason is that recirculation has in fact intruded earlier than the extrapolation guessed it had. The obvious break in the curve is in fact a late event in recirculation.
Discussion
By injection of two separable tracers into the circulation, one into the pulmonary artery and one into the left atrium, with simulta- Frequency function of transit times through pulmonary circulation, h(t), in closed chest dogs with low cardiac output due to blood withdrawal (left) and with high cardiac output due to femoral arteriovenotis fistula (right).
In both sets of drawings, curves are, from left to right, C](t), h(t), and c t (t). Arrows indicate estimated onset of recirculation. x's on the curves for c t (t), pulmonary artery-to-aorta tracer curve, were obtained by convolution of the calculated h(t) upon the observed c^t). Note that agreement between calculated and observed c t (t) includes, on the right, repeated recirculation of tracer.
neous measurement of tracer concentrations at the root of the aorta, and by deconvolution of the pair of tracer concentration curves, a function was obtained which we have called the frequency function of transit times through the pulmonary circulation. Whether or not the curves are in fact that frequency function depends on how faithfully the requirements on which the method is based are met. The requirements are: 1. For the distributing system: stationarity 2. For the tracers: a. Identical frequency functions of transit times through the system. b. Linearity 3. For the injection: a. Form of the injection must be known and must be identical for the two tracers b. Distribution of tracer must be the same as that of the substance it is desired to trace. Included in this requirement is that injection of tracer into the left atrium must Circulation Rtsetrcb, Vol. XXVI, Ma) 1970 lead to the same frequency function of transit times of this tracer through the left side of the heart as obtained for the tracer injected into the pulmonary artery, which enters the left atrium as a distributed function.
4. For measurements of tracer concentration:
a. Concentrations of the two tracers must be measured so that the time courses are synchronous.
b. Concentrations must be measured for a sufficiently long time, to be defined below.
Of these seven requirements, most have been met but there is uncertainty about the fidelity with which two were met.
The requirements that have been mst or probably met are:
1. Stationarity. The pulmonary circulation was stationary under the conditions of our experiment; that is, h(t) was independent of any arbitrary zero time at which injection was made. An importance of this fact is that it demonstrates that neither pulsatility of flow, whether at about 60 or at about 120/min, nor 
Same experiments as given in Table 2 . Recirculation appearance estimated from output curves following injection into pulmonary artery. I r= mean time; a = standard deviation; MB = third moment about the mean; ti^/a 3 = coefficient of skewness. R refers to data calculated from total curves including recirculation, E refers to data calculated from curves corrected to eliminate recirculation by monoexponential extrapolation. respiratory movements affected the form of h(t). This is in accord with predictions (6) and with model experiments (17) .
2. Linearity. The pulmonary circulation appears to be a linear system, in agreement with previous findings obtained by others for other portions of the circulatory system (8) . Evidence for linearity is that h(t) was independent of the magnitude of the input, demonstrated in Figure 2 , and probably independent of the shape of the input functions, suggested by the agreement between h(t) calculated from the observed concentration functions, including recirculation, and that calculated from the concentration function corrected for recirculation by monoexponential extrapolation when recirculation was a late event.
3. Identical forms of tracer injection. The two tracers were injected through identical catheters. Injections were triggered by the R wave and were completed in less than 0.2 seconds, a period brief compared to the duration of h(t) through the pulmonary circulation, and even brief compared to the sampling interval when heart rate was 60/min. Therefore, it is appropriate to treat the injection function as a Dirac delta function; that is, as instantaneous.
4. Measurements of tracer concentrations were probably appropriate. Concentrations were measured synchronously because passage time through the sensing elements in series was rapid compared to the sampling interval and the two sensing elements, the densitometer and the scintillation proberatemeter complex, had similar response times.
One requirement is that concentrations must be measured for sufficiently long. The sufficiently long time is implicit in equation 8 for deconvolution of digital data. If the longest transit time in the desired function, h u of equation 8 is n time intervals, then data must be obtained until there are n values for both C\ and c2, the observed concentrations, where in every case the first value is that obtained at the initial appearance time of the tracer at the sampling site. In our experiments, the computed ht had usually returned to zero by about the twentieth heart cycle, occasionally during low cardiac output as illustrated in Figure 6 (left), taking as long as 30 heart cycles. Since appearance time of hi was usually between 2 and 5 heart cycles, the duration of sampling, over 40 heart cycles, was adequate.
The two requirements concerning which there are uncertainties are 2a and 3b among the list given above.
We know that the frequency functions of transit times of indocyanine green-albumin and of 9Om Tc-albumin through the heart and pulmonary vascular system should be identical. We have reason to believe that the frequency functions of transit times through the rest of the systemic vascular system are different because indocyanine green is extracted in the liver and 9Vr aTc is not. How then were we able to compute equivalent frequency functions when we reversed the sites of injection? The explanation probably is that the distribution function of transit times through the pulmonary circulation, the integral of the frequency function, was nearly completed at the time of onset of recirculation of the tracer injected into the pulmonary artery, indicated by an arrow in Figures 2, 4 and 6. The contribution of the remaining points, which included the sum of the that redrculation began earlier than estimated from the gross deviation from linearity of the descending limb of the semilogarithmic plot. b, Vol. XXVI, contribution of the tail of the primary circulation and the foot of the first recirculation of tracer, was limited to computation of approximately the last 5% of the distribution of transit times through the pulmonary circulation. The uncertainty due to differences in distributions of tracers through the systemic circulation is therefore restricted to the terminal portion of the tail of the computed function. Even over this range the uncertainty is not great because the contribution of the hepatic circulation to the foot of the pertinent frequency function of transit times through the systemic circulation is small. Nevertheless, small as the difference may have been, it could have accounted for at least part of the oscillations in the extreme tail of the curve obtained by the initial deconvolution.
It is simply fortunate that the conditions of our experiments were such that the differences between the distribution of indocyanine greenalbumin and BOm Tc-albumin were of little importance for the purposes to which we applied the data. Clearly, if recirculation occurred sufficiently early we could not have used this pair of tracers.
The second requirement concerning which there is uncertainty deals with the question whether injection into the left atrium yielded the same frequency function of transit times through the left side of the heart as pertained to the tracer that flowed into the left atrium following its injection into the pulmonary artery. No independent way of testing this requirement has occurred to us. We can only accept this as an uncertainty and we have no knowledge of the quantitative effect of this uncertainty upon the computed value of the derived frequency function through the pulmonary vascular system. However, on empirical grounds we suspect that the uncertainty is not great. In the notations of These oscillations are not limited to onset at the tail of hi(t).
If one explores the possibilities of permissible differences between H 2 '(.s) and H.2(s), it is amazing how small a difference yields such an unstable hi(t). It is because instabilities of this sort were not found in our experiments that we suppose that the frequency function of transit times of the tracer injected into the left atrium was appropriate in fact.
Finally, with respect to the question of validity of the computed frequency function of transit times, we must consider the fact that we preprocessed the data by smoothing the observed tracer concentration curves, and we settled upon an h(t) by trial and error at deconvolution and reconvolution. The necessity for these maneuvers lies in the exquisite sensitivity of the deconvolution process to errors in the functions to be deconvoluted. This sensitivity can be illustrated numerically. In Table 4 are listed two density functions of time, t. These are hi and h? and their convolution, h = h i *h^. In the next column an erroneous h, called h', is listed. The arbitrary errors are small and well within experimental error of our real experiments. In the last column, h 2 and the erroneous h are deconvoluted to obtain a function "hi". As soon as terms are reached in which erroneous values of h are introduced, "hi" differs markedly from the true h^ "hi" oscillates with positive and negative amplitude, and, if deconvolution is continued, becomes unbounded. It is remarkable, in the face of this simple illustration, that real curves, which must include experimental error, can be deconvoluted. In fact, it is possible to do so, in our experience, only by smoothing the curves and by the trial and error process we used.
Despite the uncertainties surrounding the absolute validity of the frequency function of transit times through the pulmonary circulation presented in this paper, the function we obtained was consistent in form and is Circulation Rtiearcb, Vol. XXVI, May 1970 probably sufficiently close to the true function for many purposes. The function we obtained was skewed markedly to the right.
This result differs from that of Parrish et al. (7) , who reported that the pulmonary h(t) varied from nearly symmetrical to markedly skewed with a definite break in the tail. The discrepancy may be explained by differences in experimental techniques and in methods of calculation of h(t). Parrish et al. injected proximal to the pulmonary circulation and recorded concentration time curves from the pulmonary artery and from a pulmonary vein. The latter may not have been representative of total pulmonary outflow. Their sampling device had a long response time, and there is also a possibility that distortions introduced by the two sampling catheters may not have been identical. They derived h(t) by letting the pulmonary artery concentration-time curve serve as input to an analog computer. Coefficient potentiometers were then adjusted until output duplicated the pulmonary venous concentration-time curve. The integral of h(t) was obtained by feeding a step function into the computer.
The advantages of the present method lie in its directness. It makes no assumptions about the formal nature of the tracer dilution, concentration-time curves or about h(t). By including recirculation in the calculation of h(t) it avoids the need for arbitrary extrapolation to attempt to recover the portion of the curve representing first passage.
